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Abstract The algebraic expressions previously derived to

compute the electron number distribution functions (EDF)

for exhaustive partitions of the physical space into sharp-

boundary atoms are generalized to allow for the use of

fuzzy atoms and orbital-based partitions. In some of the

latter, the atomic overlap matrix required to obtain the EDF

is analytical. This makes them attractive alternatives to

other definitions, as the one based on the atomic basins of

the quantum theory of atoms in molecules (QTAIM),

which are more physically sound but also much more

demanding computationally. We will compute the EDF for

a series of test molecules using different fuzzy and orbital-

based partitions and compare them to QTAIM EDF. The

effects of electron correlation and the use of the core

approximation on the EDF will also be explored.

Keywords Real space partition � Electron number

distribution function � Atomic overlap matrix � Quantum

theory of atoms in molecules � Delocalization index

1 Introduction

According to the basic postulates of Quantum Mechanics,

the multi-electron wave function W contains all the

information that is possible to obtain from a molecular

system. However, given that the Hamiltonian contains only

one- and two-particle terms, the complete W is usually not

required in most applications of Quantum Chemistry.

Instead, the two-electron reduced density matrix (2-RDM)

[1],

q2ðx1; x2Þ ¼
Z
jWð1;NÞj2dx3 � � � dxN ; ð1Þ

where N is the total number of electrons, and x ¼ fr; rg
denotes the combined Cartesian–spin electron coordinates,

is generally enough to extract from it the practical totality

of numbers that chemists need to discuss molecular prop-

erties and concepts. By integrating q2ðx1; x2Þ over r2; r1,

and r2, the total electron density, qðrÞ, which is the key

function of the Quantum Theory of Atoms in Molecules

(QTAIM), is obtained [2]. The 2-RDM is a particular case

of more general mathematical functions known as coarse-

grained density matrices (CGDM) [3–5] obtained by inte-

grating jWð1;NÞj2 over arbitrary domains of the physical

3D space for only a subset of the N electrons. Another

particular CGDM is the multivariate electron number dis-

tribution function (EDF) [6–11]. The latter arises when one

tries to solve the following statistical question: Assuming

that the 3D space is partitioned into m arbitrary but disjoint

domains X1;X2; . . .;Xm, which is the probability of finding

exactly and simultaneously n1 out of the N electrons within

domain X1; n2 electrons within domain X2; . . ., and nm

electrons (n1 ? n2 ? ��� ? nm = N) within basin Xm,

where all ni 2 N? Several key concepts of chemical

bonding theory, like electron pair sharing [12–18], multi-

center bonding [19, 20, 21, 22], polarity of bonds, charge

transfer, the origin of the additivity of the properties of

functional groups, etc. [10, 11, 23–25], are appropriately

discussed or more easily understood in terms of the EDF,
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whenever the domains or regions in which the 3D space is

partitioned are endowed with a relevant chemical and

physical meaning. Among the more physically sound par-

titions of the 3D space, the ones based on the loge theory of

Daudel [26, 27], the atomic domains of the QTAIM [2], or

the core, valence, and lone pair regions obtained from the

use of the electron localization function (ELF) [28–30]

have been particularly fruitful. Neither the EDF nor the

more general CGDM can be obtained from q2ðx1; x2Þ and

need to be calculated directly from the complete Wð1;NÞ.
Our group has recently developed efficient methods to

obtain the EDF based on QTAIM atomic basins, for single-

and multi-determinant wave functions, and for an arbitrary

number (m C 2) of regions [7–9], and used them to provide

extra information in energy partition discussions [31–34],

to classify chemical bonds [10], and provide a new view of

the bond paths of the Quantum Theory of Atoms in Mol-

ecules (QTAIM) [2] as privileged quantum-mechanical

exchange channels [24].

One of the main difficulties with EDF based on the

QTAIM lies in the irregular forms of the QTAIM atomic

basins, due to their sharp and well-defined boundaries.

This makes computationally very costly to obtain the

atomic overlap matrix (AOM) elements between the

molecular orbitals (MO) (the main mathematical ingre-

dients that enter the EDF expressions), as the inter-atomic

surfaces have to be previously determined. This has been

one of the reasons that has motivated us to extend the

EDF concept to other partitions of the 3D space for which

the AOM is more easily obtained. The other reason has

been to establish a connection between the EDF expres-

sions associated with different 3D space partitions and

those of the homonym electron population analyses [35,

36], such as Mulliken [37], Löwdin [38], Becke [39], and

Hirshfeld [40].

The rest of the article has been organized as follows. In

Sect. 2, the expressions needed to obtain the EDF for

exhaustive, fuzzy, and orbital-based partitions of the 3D

space are worked out. How several relevant chemical

bonding concepts are related to EDF is explained in Sect. 3.

In Sect. 4, we describe the computational details and test

systems for which the EDF have been computed. The

obtained results are discussed and compared with each

other in Sect. 5. Finally, the conclusions of this work are

summarized in Sect. 6.

2 Electron number distribution functions in real

and orbital spaces

Let a N-electron molecule be described by the wave

function W and an exhaustive partition of the 3D space

into m disjoint domains Xk [m
k¼1Xk ¼ R3;Xk \ Xl ¼

�
;; k 6¼ lÞ. The probability that exactly n1 electrons are

within X1; n2 electrons within X2; . . ., and nm electrons

within Xmð0� ni�N; n1 þ n2 þ � � � þ nm ¼ NÞ is given by

[26]

pðSÞ ¼ N!K
Z

D

Wj j2dr1 � � � drN ; ð2Þ

where S:{n1, n2,…, nm}, the summation over the spin

variables ri(i = 1,N) is implicitly assumed, N!K ¼ N!=

ðn1!n2! � � � nm!Þ, and D is a multi-dimensional domain in

which the first n1 electrons are integrated over X1, the second

n2 electrons over X2; . . ., and the last nm electrons over Xm.

There are NS = (N ? m - 1)!/[N!(m - 1)!] possible

distributions of the N electrons within the m domains, and

the set p(S) (S = 1,…, NS) defines the EDF of the system for

this specific space partition. To find an unified approach

for both exhaustive and fuzzy partitions of the 3D space, it

is useful to define WS = W1 9 ��� 9 Wm, where W1 ¼
w1ðr1Þ. . .w1 rn1

ð Þ;W2 ¼ w2 rn1þ1ð Þ. . .w2 rn1þn2
ð Þ, etc, and

wkðrÞ is the single-electron step function

wkðrÞ ¼
1 if r 2 Xk

0 elsewhere:

�
ð3Þ

Then, p(S) may also be written such that the integration is

over R3 for the N electrons:

pðSÞ ¼ N!K
Z

WS Wj j2dr1 � � � drN : ð4Þ

The above expression for p(S) corresponds to an exhaustive

partition of R3. However, it may also be applied to a

so-called fuzzy partition. This is defined as one in which the

domains X1;X2; . . .;Xm are not mutually exclusive but

separated by fuzzy boundaries. The transition from a

domain to another one happens smoothly and not

sharply, as in exhaustive partitions. Mathematically, a

fuzzy partition may be achieved by introducing a set

of weight functions x1ðrÞ;x2ðrÞ; . . .;xmðrÞ, associated

respectively with X1;X2; . . .;Xm, such that, at every point

r; 0�xkðrÞ� 1, and

Xm

k¼1

xkðrÞ ¼ 1ðrÞ: ð5Þ

The xkðrÞ’s change continuously in a fuzzy partition,

although one may expect that, provided that Xk represents

an atom in a molecule, xkðrÞ is close to unity as one

approaches to the corresponding nucleus. An exhaustive

partition of R3, as for instance the QTAIM partition, is a

limiting case of the above general framework in which only

one of the m xkðrÞ’s is different from zero (and thus equal

to unity) at every r.

434 Theor Chem Acc (2011) 128:433–444

123



In this work, we have considered two fuzzy partitions of

R3: Becke’s partition [39], based on the auxiliary geo-

metric weight function wkðrÞ defined by this author to

perform the integration overR3 of a function FðrÞ by usingR
FðrÞdr ¼

R P
k wkðrÞFðrÞdr ¼

P
k

R
FkðrÞdr, and Hirsh-

feld’s or stockholder partition [40]. Becke’s weights are

defined by the equations:

wk rð Þ ¼ Pk rð Þ
.X

k
Pk rð Þ ð6Þ

PkðrÞ ¼
Y
l6¼k

1

2
1� h½h½. . .h|fflfflfflffl{zfflfflfflffl}

v times

ðmklÞ��

2
4

3
5; ð7Þ

hðmklÞ ¼ 3mkl � m3
kl

� �
=2; ð8Þ

mkl ¼ lkl þ akl 1� l2
kl

� �
; ð9Þ

lkl ¼ ðrk � rlÞ=Rkl; ð10Þ
akl ¼ ðRl=RkÞ � ðRk=RlÞ½ �=4; ð11Þ

where rk (rl) is the distance to the nucleus of atom k (l), Rkl

denotes the inter-nuclear distance between the nuclei of

atoms k and l, and Rk and Rl are atomic size adjustable

parameters. wkðrÞ is very close to 1.0 at the nucleus of

atom k and decays to zero on approaching the nucleus of a

different atom. The stiffness of the cutoff between different

atoms may be enhanced by increasing the parameter v that

gives the number of times that the h(mkl) polynomial is

iterated to obtain PkðrÞ in Eq. 7. In the limit v!1;R3 is

exhaustively partitioned into disjoint atomic regions. Here,

we will use a topological-based Becke’s partition: if there

exists a bond critical point between atom k and l, Rk and Rl

are taken as Rtop
k and Rtop

l , the topological radii [2] of atoms

k and l, respectively; otherwise, Rk and Rl are the Bragg-

Slater radii of atoms k and l [41].

Hirshfeld’s wkðrÞ’s are defined as [40]

wkðrÞ ¼
q0

kðrÞP
k q0

kðrÞ
¼ q0

kðrÞ
q0ðrÞ ; ð12Þ

where q0
kðrÞ is a reference atomic density for atom

k. Usually, this is taken as the ground-state spherically

averaged density of neutral atom k, and q0ðrÞ coincides

with the promolecular density, even though other defini-

tions are possible [36]. An improved iterative Hirshfeld

partition has recently been developed [42] that eliminates

some of the inconsistencies of the standard one related to

the Kullback-Leibler entropy deficiency functional [43].

However, the simplest version defined by Eq. 12 will be

used here.

Before defining the EDF based on orbital space parti-

tions, it is convenient to outline the algebraic method used

to compute the EDF for a fuzzy or exhaustive partition of

R3 (Further details have been given elsewhere [7, 9]). Let

us assume that W is a linear combination of M Slater

determinants

W ¼
XM

r¼1

drffiffiffiffiffi
N!
p ur

1ð1Þur
2ð2Þ � � �ur

NðNÞ
�� ��; ð13Þ

where the ur
i ’s are assumed to be real and orthonormal.

Squaring W and substituting in Eq. 4, we obtain

pðSÞ ¼
XM

r;s

drdsprsðSÞ; where ð14Þ

prsðSÞ ¼ K
Z

WS

X
q2SN

DrsðqÞdr1 � � � drN ; ð15Þ

DrsðqÞ ¼
ur

1ðq1Þus
1ðq1Þ . . . ur

1ðqNÞus
NðqNÞ

..

. . .
. ..

.

ur
Nðq1Þus

1ðq1Þ . . . ur
NðqNÞus

NðqNÞ

�������

�������
; ð16Þ

SN is the set of N! permutations of {1, 2,…, N}, and q ¼
fq1; q2; . . .; qNg is one of these permutations. Carrying out

the summation over the spin variables ri and the spatial

integration in Eq. 15, we have

prsðSÞ ¼ K
X
fqg2SN

Srs
11ðq1Þ . . . Srs

1NðqNÞ
..
. . .

. ..
.

Srs
N1ðq1Þ . . . Srs

NNðqNÞ

�������

�������
; ð17Þ

where

Srs
ij qj

� �
¼

Srs
ij

� 	
X1

for 1� qj� n1

Srs
ij

� 	
X2

for n1 þ 1� qj� n1 þ n2

..

.

8>>>>><
>>>>>:

ð18Þ

and Srs
ij

� 	
Xk

is given by

Srs
ij

� 	
Xk

¼ d rr
i ; r

s
j

� 	Z
xkðrÞur

i ðrÞus
j ðrÞdr: ð19Þ

In Eq. 19, d rr
i ; r

s
j

� 	
¼ 1ð0Þ for ur

i and us
j having equal

(different) spins. When xkðrÞ in this equation corresponds

to QTAIM partition (Eq. 3), Srs
ij

� 	
Xk

becomes hur
i jus

j iXk
¼R

Xk
ur

i ðrÞus
j ðrÞdr, an element of the AOM. It is in this sense

that Srs
ij

� 	
Xk

may be called a generalized AOM element.

Due to Eq. 5, they satisfy

Xm

k¼1

Srs
ij

� 	
Xk

¼ 1 for ur
i ¼ us

j

0 for ur
i 6¼ us

j :

�
ð20Þ

The summation in the second member of Eq. 17 contains

N! terms, so that its computation is not possible except for

small N’s. However, the identity
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X
S

tn1

1 tn2

2 � � � tnm
m prsðSÞ ¼ det

Xm

k¼1

tkSrs
Xk

" #
; ð21Þ

where tm = 1 and Srs
Xk

is the (N 9 N) matrix with Srs
ij

� 	
Xk

elements given by Eq. 19 is valid for arbitrary t1,…, tm-1

values [7]. Hence, after multiplying both members of

Eq. 14 by tn1

1 � � � � � tnm
m , performing the summation over

all possible resonance structures S, and using Eq. 21, the

following linear system of NS equations is obtained.

X
S

tn1

1 � � � tnm
m pðSÞ ¼

XM
r;s

drdsdet
Xm

k¼1

tkSrs
Xk

" #
: ð22Þ

To obtain the NS unknowns p(S), the following three

steps are performed: (1) Assign NS values to the set

{t1, t2,…, tm-1} (remember that tm = 1), (2) for each of

these NS sets, compute the coefficients tn1

1 tn2

2 . . .tnm
m at the

right-hand side of the linear system 22, and (3) solve the

linear system.

The above method to determine the EDF is completely

general. However, it can be formulated in a simpler form

for single-determinant wave functions M ¼ 1; dr ¼ 1;ð
W ¼ ðN!Þ�1=2

det u1ð1Þu2ð2Þ � � �uNðNÞ½ �Þ and only two

domains ðm ¼ 2ÞX and X0 ¼ R3 � X. In this case,

prs(S):p(S) and Eq. 17 transforms to [6]

pXðnÞ ¼ K
X
q2SN

det ~Sij qj

� �
 �
; ð23Þ

where pXðnÞ is the probability that n electrons are in X (and

hence N - n in X0), K ¼ ½n!ðN � nÞ!��1
, and ~Sij qj

� �
¼

Sij

� �
X or ~Sij qj

� �
¼ Sij

� �
X0¼ dij � Sij

� �
X, depending on

whether (1 B qj B n) or (n \ qj B N), respectively. On

the other hand, W is invariant under an unitary rotation of

the ui’s. In particular, we can choose a new set /, related

to the ui’s by / ¼ uU, where U is the unitary matrix that

diagonalizes SX; i.e. SXU ¼ Us. In this new / basis, SXð/Þ
and SX0 ð/Þ become s and 1 - s, respectively, where s is a

N 9 N diagonal matrix. Hence, pXðnÞ transforms to

pXðnÞ ¼ K
X
q2SN

YN
j¼1

kj qj

� � kj qj� n
� �

¼ sj

kj qj [ n
� �

¼ 1� sj:

�
ð24Þ

Since electrons 1 to n and n ? 1 to N are associated with X

and X0, respectively, each of the K�1 ¼ n!ðN � nÞ!
restricted permutations of these two disjoint subsets give

the same
QN

j¼1 kj qj

� �
, canceling the overall K factor in

Eq. 24. pXðnÞ is thus given by the classical probability that

a set of N independent electrons, with probabilities sj and

1 - sj (j = 1,…, N) to lie in X and X0, respectively, is

partitioned such that n of them are found in the first, and

N - n in the second domain. Besides this, pXðnÞ ¼ aN
n ,

where the ai
k coefficients are evaluated using the following

recursive formulas [6]

ai
k ¼

ai
0 ¼ ð1� siÞai�1

0

ai
k ¼ sia

i�1
k�1 þ ð1� siÞai�1

k

ai
i ¼ sia

i�1
i�1

8><
>: ð25Þ

with a0
0 ¼ 1; 1� i�N, and 1 B k B i - 1.

The computation of pXðSÞ can be accelerated in several

ways. First, we should notice that SX, or each Srs
Xk

in the

case of multi-determinant wave functions, is blocked into

a and b sub-matrices. This means that, for single-determinant

wave functions and no matter whether the u or / basis is

used, the a and b EDF, pX
a nað Þ and pX

b nb
� �

, can be inde-

pendently calculated, and the spin-resolved probability that

exactly na a electrons and nb b electrons lie within X (and

hence that Na - na a and Nb - nb b electrons are in X0,
where Nr is the total number of electrons with spin r) is

obtained as

pX na; nb
� �

¼ pX
a nað Þ � pX

b nb
� �

: ð26Þ

pXðnÞ is obtained by adding all the pX na; nb
� �

with

na ? nb = n. Needless to say, the a and b EDF are equal

for closed-shell wave functions.

For multi-determinant wave functions, the a and b EDF

are not to each other independent. However, an equation

very similar to Eq. 26 can still be formulated for each

prs(S):

prs Sa; Sb
� �

¼ prs Sað Þ � prs Sb
� �

; ð27Þ

where Sr ¼ nr
1 ; n

r
2 ; . . .; nr

m

� �
defines a resonance structure

for spin r (r = a, b). For each (r, s) pair, prs(S
r) is

computed by solving a linear system like Eq. 21 with Sr

instead of S; nr
k instead of nk (k = 1,…, m), and the r block

of the generalized AOM instead of the full Srs
Xk

matrix. The

full spin-resolved EDF p(Sa; Sb), that gives the probability

that exactly na
1; n

a
2; . . .; na

m a electrons are in X1;X2; . . .;Xm,

respectively, and, simultaneously, nb
1 ; n

b
2 ; . . .; nb

mb electrons

are in X1;X2; . . .;Xm, respectively, can then be obtained as

p Sa; Sb
� �

¼
XM

r;s

drdsprs Sa; Sb
� �

: ð28Þ

From it, p(S) is computed by adding all the p(Sa; Sb)’s with

na
1 þ nb

1 ¼ n1; n
a
2 þ nb

2 ¼ n2; . . ., and na
m þ nb

m ¼ nm. Solv-

ing many times the linear system 21 for each spin instead

of solving only once the linear system 22 is advantageous

for different reasons: (a) The smaller dimension of the

linear system 21 (Nr
S � Nr

S , where Nr
S ¼ Nr þ m� 1ð Þ!=

Nr!ðm� 1Þ!½ �) with respect to that of linear system 22

(NS 9 NS) makes computationally much cheaper to obtain

the right-hand side of the former. Moreover, the double

436 Theor Chem Acc (2011) 128:433–444
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summation over r and s, present in Eq. 22, is absent from

Eq. 21. A smaller dimension also contributes to minimize

the numerical instabilities of this inherently ill-conditioned

system; (b) The spin-resolved EDF p(Sa; Sb) contains

considerably more chemically relevant information than its

spinless counter part p(S); (c) Usually, a given configura-

tion of a or b spin-orbitals appears repeated many times

when the N-electron wave function Wð1;NÞ is expanded in

terms of Slater determinants. As a consequence, it is not

necessary to solve Eq. 21 M 9 (M ? 1)/2 times, but only

Mr 9 (Mr ? 1)/2, where Mr is the number of strictly

different configurations built in with r spin-orbitals that

appears in the expansion of Wð1;NÞ; and (d) For closed-

shell molecules, the set of linear systems 21 for the a and b
electrons is the same, and has thus to be solved only for one

of the spin components.

Nr
S grows very quickly with Nr and m. Previously, we

suggested a way to maintain Nr
S as smaller as possible

consisting in restricting the number of resonance structures

by avoiding those that do assign an unphysical number of

electrons to each domain Xk. However, we have observed

that the computed probabilities are most times inconsistent

(for instance, some probabilities are negative or higher than

1.0, the sum of probabilities differs from 1.0 by large, etc.)

when this method is used. A more stable and useful method

to avoid an excessively large Nr
S is to use the core

approximation: when a generalized diagonal AOM element,

ðSiiÞXk
, is greater than Smax, where Smax is a number close to

1.0, the orbital is assumed to be fully localized in Xk, and

consequently excluded from the EDF calculation. In single-

determinant wave functions, the method works more effi-

ciently if the starting orbitals ui [usually the canonical

orbitals within the Hartree-Fock (HF) approximation or the

Kohn-Sham orbitals in the Density Functional Theory

(DFT)] are previously subjected to an isopycnic (unitary)

localization that leaves Wð1;NÞ unaltered [44].

Let us now introduce the orbital space version of the

EDF concept. Assuming that each molecular orbital (MO)

ui is a linear combination of basis functions va,

ui ¼
X

a

vaCai; ð29Þ

the EDF in an orbital space is defined in terms of

generalized AOM elements Sij

� �
Xk

given by

Sij

� �
Xk
¼
X
a;b

CaiCbjx̂
ab
k Rab; ð30Þ

where Rab are the overlap integrals between the basis

functions, Rab ¼ hvajvbi, and x̂ab
k is an unequivocally

defined operator that acting on Rab associates its full value

to the atom k of the molecule (For simplicity, we will assume

that each Xk is a single atom. If this is not the case, each

Sij

� �
Xk

can be obtained by adding up the corresponding

AOM elements of all the atoms that belong to Xk). Choosing

the x̂ab
k such that

P
k x̂ab

k ¼ 1̂, the Sij

� �
Xk

’s satisfy
X

k

Sij

� �
Xk
¼
X

k

X
a;b

CaiCbjx̂
ab
k Rab ¼ dij: ð31Þ

In this work, we have used three different EDF definitions

based on orbital space partitions: The minimally deformed

atoms partition of Fernández Rico et al. [45, 46] (MinDef

partition in the following), Mulliken’s partition and

Löwdin’s partition. These names come from their close

relationship to the corresponding homonym population

analysis methods.

In the MinDef partition, each basis function vi is con-

sidered to be centered on a nucleus of the molecule. If,

besides this, vi is a Spherical or Cartesian Gaussian, x̂ab
k in

this partition is defined by

x̂ab
k ¼ mkðaÞHðfa � fbÞ þ mkðbÞHðfb � faÞ½ �; ð32Þ

where mk(a) = 1(0) if va is (is not) centered at the nucleus

of atom k, fa and fb are the exponents of va and vb,

respectively, and HðxÞ is the Heaviside step function

Hðx [ 0Þ ¼ 1;Hðx\0Þ ¼ 0;Hðx ¼ 0Þ ¼ 1
2

� �
. The x̂ab

k

values follow from the following considerations. A product

vavb, with va and vb centered at the nucleus of the same

atom (say A), is assigned to this atom, so that x̂ab
k ¼ 1 or 0

for k = A and k = A, respectively. If va is centered at the

nucleus of atom A and vb is centered at the nucleus of a

different atom B, vavb can always be written as a linear

combination of Gaussians centered at a point P along the

line joining these two nuclei. In this case, vavb is assigned

to A or B depending on whether P is closer to the nucleus

of A (fa [ fb) or B (fa \ fb), or half-and-half to A and B if

P is just in the middle of the two nuclei (fa = fb).

According to this, x̂ab
k ¼ 1ð0Þ for k = A (k = A) if

fa [ fb; x̂
ab
k ¼ 1ð0Þ for k = B (k = B) if fa \ fb, and

x̂ab
k ¼ 1

2
for k = A or k = B if fa = fb.

Mulliken’s partition is also given by Eq. 32 by choosing

x̂ab
k ¼ 0; 1

2
; 1 depending on whether none, one (either va or

vb) or both (va and vb) primitive Gaussians are centered at the

nucleus of atom k. In this partition, Sij

� �
Xk

may also be

written as

Sij

� �
Xk
¼
X
a2k

X
b

CaiCbjRab ¼
X
a2k

PijR
� �

aa
; ð33Þ

where Pij ¼ CaiCbj. However, in addition to the well-known

shortcomings of Mulliken’s population analysis, Mulliken’s

orbital space partition has the further disadvantage of giving

non-symmetric AOM’s, i.e. Sij

� �
Xk
6¼ Sji

� �
Xk

, in general. The

asymmetry of SXk
is solved within Löwdin’s orbital space

partition, where
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Sij

� �
Xk
¼
X
a2k

R
1
2PijR

1
2

� 	
aa
: ð34Þ

It is worth mentioning that Eqs. 33 and 34 are almost

similar to the expressions used to obtain the net electronic

charge of the Xk domain according to Mulliken and

Löwdin population analyses, respectively. The only dif-

ference is that the Pij elements must be substituted by P,

the full density matrix element associated with the natural

MO of the systems, and defined by Pab ¼
Pocc

i niCaiCbi,

where ni is the electron population of the natural MO ui.

3 Chemical bonding concepts from the electron

number distribution function

The chemical bonding concepts derived from the EDF

computed for a QTAIM-based partition of the physical

space may be readily generalized to deal with diffuse or

orbital space partitions. For instance, the average number

of electrons associated with a domain Xk is given by [7, 9]

hnki ¼
X

S

nkpðSÞ ¼
X

S

nkpðn1; . . .; nk; . . .; nmÞ: ð35Þ

For an exhaustive partition, where wk is the step function

given in Eq. 3, hnki coincides exactly with the electron

density en within the Xk region, i.e.

X
S

nkpðSÞ ¼
Z

Xk

qðrÞdr: ð36Þ

For diffuse partitions, where the boundaries of the Xk

regions are not sharply defined, hnki is equal to the integral

over R3 of an electron density associated with Xk, and

defined by qkðrÞ ¼ wkðrÞqðrÞ, i.e.

X
S

nkpðSÞ ¼
Z

qkðrÞdr: ð37Þ

Similarly, hf(S)i, the mean value of an arbitrary function

of the ni’s that define the resonance structure S is obtained

as the statistical average:

hf ðSÞi ¼
X

S

f ðSÞpðSÞ: ð38Þ

Particularly relevant f(S) functions are the multi-center

delocalization indices [19–22], defined here as

dXa;Xb;...;Xc ¼ ð�2ÞK�1

ðK � 1Þ!� h na � hnaið Þ

� nb � hnbið Þ � � � nc � hncið Þi; ð39Þ

where K is the number of domains involved in dXa;Xb;...;Xc .

dXa;Xb ¼ �2 na � hnaið Þ nb � hnbið Þ corresponds to the two-

fragments delocalization index, a measure of the number of

pairs of electrons shared by Xa and Xb [12–15, 47–49].

Usually, in exhaustive partitions of R3; dXa;Xb is computed

from the expression

dXa;Xb ¼ �2

Z

Xa

Z

Xb

q2ðr1; r2Þ � qðr1Þqðr2Þ½ �dr1dr2; ð40Þ

where q2ðr1; r2Þ is the second-order reduced density matrix

(2-RDM). However, for multi-determinant wave functions,

the 2-RDM is not generally available from standard com-

putational packages. For this reason, Eq. 38, valid for any

number of domains, real or orbital space partitions, and

single- as well as multi-determinant wave functions, is a very

valuable expression in the analysis of the chemical bond.

4 Computational details and test systems studied

We have computed the EDF of several molecules using both

the exhaustive QTAIM space partition and the fuzzy as well as

orbital-based partitions defined in Sect. 2. The systems range

from covalent molecules (H2, N2) to others that are usually

considered as ionic (NaCl). EDF for the family of the satu-

rated second-row hydrides AHn (A=Li,Be,B,C,N,O,F) have

also been computed in order to explore how they evolve with

the degree of polarization of the A–H bond. All the molecular

wave functions of this work have been obtained with the

GAMESS code [50]. Both Hartree-Fock (HF) and complete

active space SCF (CASSCF) wave functions (CAS[i, j],

i active electrons and j active orbitals) have been obtained for

all the molecules except NaCl, where only the HF wave

function was obtained. The CASSCF descriptions used are

CAS[2,2] for H2, CAS[10,8] for N2, CAS[4,6] for LiH,

CAS[6,7] for BeH2, CAS[8,8] for BH3, and CAS[10,9] for

CH4, NH3, H2O, and HF. A full Configuration Interaction

(full-CI) wave function was also generated for H2 for R(H-H)

distances from 0.6 to 10.0 a0. The basis sets used where

Pople’s 6-311G(d,p), except for N2, in which a TZV (d,p) basis

set was employed. Numerical radial and angular quadratures

previously described [7] have been used to compute the atomic

overlap matrices corresponding to the QTAIM and fuzzy

partitions by using ourPROMOLDEN code [51]. The AOM’s of

the orbital-based partitions (Mulliken, Löwdin, and MinDef)

were analytically computed by using the McMurchie and

Davidson algorithm [52]. Finally, all EDF computations have

been performed by using our EDF code [9].

5 Results and discussion

5.1 H2 molecule

The wave function of the H2 molecule (Ha–Hb) at the HF

level is a single Slater determinant made of the spin-orbitals
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u1a and u1b with u1 = 1rg. The generalized AOM is

blocked into two similar (1 9 1) blocks. Regardless of

the space partition and basis set used in the calculation,

one has Sr
11

� �
Xa
¼ Sr

11

� �
Xb
¼1

2
;prð0;1Þ¼prð1;0Þ¼1

2
ðr¼a;bÞ;

pð0;2Þ¼pð2;0Þ¼1
4
, and pð1;1Þ¼1

2
in all of the cases. More

interesting are the EDF corresponding to the CAS[2,2] cal-

culation. Now, the wave function is a linear combination of

two Slater determinants, W¼d1j1rga1rgbjþd2j1rua1rubj,
and the AOM in Xa within each spin block is

Srð ÞXa
¼

1
2

agu

aug
1
2

� 

; ð41Þ

where agu ¼ h1rgj1ruiXa
and aug ¼ h1ruj1rgiXa

. Srð ÞXb
is

equal to Srð ÞXa
changing agu and aug by their respective

negative values.

In all the partitions except in Mulliken’s one, we have

agu = aug, so that a single AOM element controls, thus, the

differences between the EDF. It can be shown from

Eqs. 14, 17, 27, and 28 that p(0, 2) = p(0, 1;0, 1) =

p(1, 0;1, 0) = p(2, 0), the probability of having simulta-

neously the two electrons in the same domain (Xa or Xb) is

given by 1
4
þ 2d1d2a2

gu (1
4
þ d1d2a2

gu þ d1d2a2
ug in Mulliken’s

partition). The terms involving d1 and d2 are negative since

these two coefficients have opposite signs, so that the greater

the orthogonality between MO 1rg and 1ru in Xa, the greater

the probability of finding both electrons in the same domain.

Our results for agu, p(0, 2) = p(2, 0), p(1, 1), and dXa;Xb

using the six space partitions discussed in Sect. 2 are col-

lected in Table 1. At the HF level, p(2, 0) is simply

pa(1, 0) 9 pb(1, 0), i.e. both (opposite spin) electrons are

not correlated. In other words, the probability that the

b electron is in Xa when it is known for sure that the a
electron is already in Xa is exactly 0.5. From Table 1, we

observe that Hirshfeld partition tends to uncorrelate both

electrons, the contrary happens in the MinDef partition, and

Becke and Löwdin EDF are very similar to QTAIM EDF.

The last column in the Table reflects the well-known fact that

a small correlation between both electrons tends to overes-

timate the inter-fragment delocalization index dXa;Xb ,

approaching its value to that given by the HF model (1.0).

Finally, as a consequence of the close to unit value of aug, the

two opposite spin electrons are very correlated in Mulliken’s

partition, with relatively high and small values of p(1, 1) and

dXa;Xb , respectively.

5.2 N2 molecule

The HF and CAS[10,8] EDF for the N2 (Na–Nb) molecule

are plotted in Fig. 1. p(na B 3, nb C 11)’s have been

excluded from it, as they are very small in all partitions.

Similarly, since p(na, nb) = p(nb, na), only EDF with

na B nb are shown in the figure. As a first result, we notice

that HF EDF are nearly independent of the partition used in

their calculation, whereas this is not true for correlated

EDF. Interestingly, the correlated p(6,8) value, corre-

sponding to the ionic N?–N- structure, is almost the same

in all partitions. This p(6,8) value marks a crossing point in

the figure, as the correlated p(7,7) value (corresponding to

the neutral N0–N0 structure) increases in the order Löwdin

^ Hirshfeld \ Becke \ QTAIM \ Mulliken \ MinDef,

whereas the correlated p(5,9) value (N2?-N2- structure)

decreases in the same order. Moreover, correlated p(6,8)’s

are only marginally greater than their respective HF values,

correlated p(7,7)’s are clearly greater than the HF p(7,7)’s,

and correlated p(5,9)’s are marginally (Löwdin, Hirshfeld)

Table 1 CAS[2,2] EDF for H2 using different space partitions

EDF agu p(0, 2) = p(2, 0) p(1, 1) dXa ;Xb

QTAIM 0.4373 0.2083 0.5833 0.8332

Becke 0.4145 0.2126 0.5749 0.8502

Hirshfeld 0.3037 0.2299 0.5402 0.9196

Mulliken 0.2051 0.1365 0.7270 0.5460

Löwdin 0.4030 0.2255 0.5490 0.9019

MinDef 0.6562 0.1561 0.6877 0.6245

p(0, 2) = p(0, 1;0, 1) is the probability that 0 and 2 electrons are in

the left ðXaÞ and right ðXbÞ hydrogens, respectively, and

p(1, 1) = p(1, 0;0, 1) ? p(0, 1;1, 0), where p(1, 0;0, 1) is the prob-

ability of having one a electron in Xa and one b electron in Xb, and

p(0, 1;1, 0) the probability of having one b electron in Xa and one a
electron in Xb. The AOM element agu is defined as h1rgj1ruiXa

, and

aug ¼ h1ruj1rgiXa
is equal to agu in all except Mulliken’s partition,

where aug = 0.9998

0.0
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Fig. 1 Hartree-Fock and correlated EDF for N2 according to different

space partitions
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or clearly smaller (Becke, QTAIM, Mulliken, MinDef)

than HF p(5,9)’s. This behavior points out that electron

correlation tends to enhance the probability of neutral

structures with respect to the HF calculation, at the expense

of a decrease in the probabilities of the ionic ones. This fact

is of general validity, at least in the QTAIM partition [7],

the only one for which EDF have been computed up to

now. As a direct consequence, electron delocalization is

less pronounced when electron correlation is taken into

account. This gives a correlated EDF, which is narrower

than the corresponding HF EDF, and, consequently,

smaller values for the covalency index, dXa;Xb , as it can be

seen in Table 2. From this table, it is also evident that

dXa;Xb increases when p(7,7) decreases and vice versa, both

in the HF and correlated calculations. Besides this, and

according to the above discussion, the HF p(7,7) and dXa;Xb

values do not differ too much in the different methods,

whereas they span a wide range of values in the CAS[10,8]

calculation.

5.3 AHn (A=Li,Be,B,C,N,O,F) hydrides

In this series of molecules, it seems reasonable to expect

that the total charge of the central atom A, given by

qA = ZA - hnAi, where ZA is the nuclear charge and hnAi
the average number of electrons of this atom, as given

by Eq. 35, starts being positive for LiH and ends being

negative for FH. However, the actual values of qA or hnAi,
being directly dependent on the EDF of the molecule

through Eq. 35 might be very different depending on the

partition used in the calculation. For brevity, we will only

discuss in this article the results for LiH, FH, and H2O, and

in the last case, we will use a partition into three domains,

one for each of the atoms in the molecule. When only a

two-domain partition is performed, with X1 ¼ A and

X2 ¼ H1 þ � � � þ Hn, the results and conclusions derived

for LiH and FH may serve to (approximately) interpolate

the results and conclusions for the other hydrides.

Our results for LiH are collected in Table 3, and the

EDF change in going from the HF to the correlated

calculation is plotted in Fig. 2. As anticipated, the qLi

values in Table 3 denote that LiH is almost exclusively

Table 2 Hartree-Fock and correlated p(7,7) values and delocaliza-

tion indices, dXa ;Xb , for the N2 molecule

HF CAS[10,8]

p(7,7) dXa ;Xb p(7,7) dXa ;Xb

QTAIM 0.3109 3.0408 0.3937 2.0113

Becke 0.3083 3.1073 0.3738 2.2298

Hirshfeld 0.2987 3.3664 0.3415 2.6879

Mulliken 0.3160 2.9110 0.4651 1.4618

Löwdin 0.2915 3.5613 0.3389 2.7703

MinDef 0.3211 2.7834 0.5225 0.9998

Table 3 EDF for LiH according to different space partitions

nLi QTAIM Becke Hirshfeld Mulliken Löwdin MinDef

1 0.0065 0.0106 0.0083 -0.0002 0.0005 0.0001

– – – – – –

0.0064 0.0101 0.0078 -0.0001 0.0004 0.0001

2 0.8948 0.7427 0.4860 0.4630 0.3188 0.7052

0.9007 0.7500 0.4871 0.4744 0.3185 0.7052

0.8905 0.7117 0.4477 0.3463 0.2760 0.6187

3 0.0961 0.2290 0.4160 0.4350 0.4913 0.2690

0.0968 0.2320 0.4216 0.4288 0.4917 0.2691

0.1012 0.2639 0.4691 0.5932 0.5500 0.3713

4 0.0026 0.0177 0.0897 0.1022 0.1895 0.0257

0.0026 0.0179 0.0912 0.0969 0.1898 0.0257

0.0018 0.0143 0.0754 0.0607 0.1737 0.0099

qLi 0.9053 0.7462 0.4130 0.3605 0.1303 0.6798

0.8981 0.7321 0.3959 0.3775 0.1288 0.6796

0.9015 0.7176 0.3881 0.2853 0.1031 0.6091

dLi,H 0.2079 0.4922 0.8772 0.8691 0.9864 0.5385

0.1935 0.4641 0.8433 0.8575 0.9834 0.5382

0.2108 0.5032 0.8081 0.6501 0.8811 0.5161

For each nLi and partition, the first entry is the exact HF result, the

second one the approximate probability that results after performing

an isopycnic localization of HF MO and excluding the 1s Li core

electrons from the calculation, and the third one the exact probability

from a CAS[4,6] calculation
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Fig. 2 EDF change of LiH in passing from the HF to the correlated

CAS[4,6] calculation
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represented by the ionic Li?H- structure (p(nLi = 2,

nH = 2) = 0.895, HF) in the QTAIM partition, but the

Li?H- and the neutral Li0H0 structures have significant

probabilities in all the other partitions. In this sense,

Becke’s fuzzy partition is the one giving the closest results

to QTAIM. The highly ionized Li2?H2- structure has a

negligible probability in all the cases. The negative value

of p(1,3) in the HF Mulliken partition is due to the non-

symmetric character of the AOM in this method. It should

be stressed that p(1,3), corresponding to the unrealistic

Li-H? structure, has an appreciable value in all but

QTAIM partition. This fact, together with the comparable

importance of the Li?H- and Li0H0 structures, justifies the

low values found for qLi in these cases.

The second entry in Table 3 illustrates how EDF depend

on the use of the core approximation. An algebraic analysis

of the equations given in Sect. 2 shows that if ðSiiÞXk
¼

huijuiiXk
’ 1, i.e. a diagonal element of the AOM is close to

1.0 within a domain Xk, then the ui orbital can be safely

excluded from the EDF computation. The closest to 1.0 is

ðSiiÞXk
the better the approximation of ignoring ui is. One can

say that ui is a core orbital of domain Xk. To analyze

numerically how this approximation works in LiH, we have

transformed its two HF MO by means of an isopycnic (uni-

tary) localization that does not modify the wave function.

One of the rotated or isopycnic MO (say uloc) has huloc |

ulociLi [ 0.99 in all partitions. Hence, uloc is almost fully

localized on the Li atom and can thus be identified with the 1s

Li core. Ignoring uloc transforms LiH into a molecule with

only two effective electrons (one a electron and one b elec-

tron), both placed on the second isopycnic MO (say udel).

Since p(2, 0) = pa (1, 0) 9 pb (1, 0), p(0, 2) = pa (0, 1) 9

pb (0, 1), and p(1, 1) = pa (0, 1) 9 pb (1, 0) ? pa

(1, 0) 9 pb (0, 1) at the HF level, the EDF in LiH is deter-

mined by a single AOM element nd = hudel | udeliLi. Actu-

ally, in the QTAIM partition, udel is very localized on the H

atom since nd = 0.0510, so that pð2; 0Þ ¼ n2
d ¼ 0:0026;

pð0; 2Þ ¼ ð1� ndÞ2 ¼ 0:9006, and p(1,1) = 2nd(1 - nd) =

0.0968, i.e. both electrons of udel are with a probability

greater than 90% in the H domain. The above three numbers,

also collected in Table 3, are in very good agreement with

the exact values, obtained without using the core approxi-

mation. In the other five partitions, udel is not so localized on

the H atom so that p(2,0) and p(0,2) are non-negligible.

However, the core approximation works as well as in the

QTAIM partition. Assuming that huloc|ulociLi is exactly 1.0,

it can be shown that dLi,H = 4nd(1 - nd). The dLi,H values

obtained using this formula (second entry in Table 3) are in

fact very close to the exact HF results, showing again that

only two electrons partitipace in the Li–H chemical bond.

The small differences are due to the residual contribution of

the extremely localized MO, uloc, to dLi,H.

The third entry in Table 3 corresponds to the correlated

CAS[4,6] calculation and the Dp nLi; nHð Þ ¼ pCAS � pHF

differences are shown in Fig. 2. Correlation effects are

very small in the QTAIM partition, moderate in Becke’s

partition, and progressively more important in the order

Hirshfeld \ Löwdin \ MinDef \ Mulliken. There seems

that orbital space partitions exaggerate the importance of

electron correlation on the computation of the EDF. In all

the cases, the probability of the neutral (ionic) structure

Li0H0 (Li?H-) increases (decreases) when electron corre-

lation is taken into account. As a consequence, the HF nLi

(qLi) values are greater (smaller) than the CAS[4,6] values,

and ‘‘correlated’ LiH becomes less ionic than ‘‘HF’’LiH.

The smaller delocalization of the valence 2s Li electron on

the H domain produces a noticeable decrease in dLi,H in

going from the HF to the correlated calculation in all

except the QTAIM and Becke’s partitions. In fact, in these

two cases, the CAS[4,6] dLi,H value is slightly greater than

the HF one.

The results for FH are given in Table 4. In QTAIM, the

F-H? structure is almost four times more probable

(p(10,0) = 0.77) than F0H0 (p(9,1) = 0.22). As in LiH, the

ionic structure is not so dominant over the neutral one in

the rest of partitions. Actually, the structure F?H-, with

one of the electrons of F atom transferred to H atom, has a

non-negligible probability in all except the QTAIM

method. According to the EDF values, the total charge of

F atom, qF, goes from qF = -0.749 in QTAIM to almost

0.0 in Löwdin (qF = -0.099). Overall, the electron

delocalization in fuzzy and orbital space partition methods

is much higher than in the QTAIM method. As a result,

dF,H is much higher in the former, with unrealistic values of

1.259 and 1.266 in the Hirshfeld and Löwdin methods,

respectively. Including electron correlation effects increa-

ses (decreases) a little the probability of the neutral (ionic

Table 4 HF (first entry) EDF for FH according to different space

partitions

nF QTAIM Becke Hirshfeld Mulliken Löwdin MinDef

8 0.0168 0.0882 0.1411 0.1163 0.1845 0.0956

D -0.0003 -0.0099 -0.0005 -0.0199 -0.0073 -0.0302

9 0.2168 0.3899 0.4065 0.4371 0.4481 0.4320

D 0.0330 0.0273 0.0232 0.0562 0.0260 0.0755

10 0.7663 0.5160 0.4274 0.4425 0.3402 0.4741

D -0.0326 -0.0155 -0.0187 -0.0342 -0.0134 -0.0452

nF 9.7491 9.4159 9.2343 9.3179 9.0994 9.3821

D -0.0323 -0.0015 -0.0094 -0.0103 0.0053 -0.0149

dF,H 0.4454 0.9110 1.2494 0.9492 1.2663 0.8318

D 0.0285 -0.0648 -0.0699 -0.1122 -0.0936 -0.1281

Rows labeled D stand for the changes in passing from the HF to the

correlated CAS[10,9] results
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F-H?) structure in all the cases, predicting a lesser H to F

electron transfer and (except in QTAIM), a smaller dF,H

value.

The EDF results of FH when the core approximation is

used are not included in Table 4. However, it is interesting

to comment that, despite the total number of electrons in

FH is much higher than in LiH, the isopycnic localization

of its five canonical HF MO leaves, in the case of the

QTAIM partition, an unique isopycnic valence MO (udel),

the other four isopycnic MO ui
loc; i ¼ 1� 4

� �
being almost

completely localized on the F atom, with ui
loc

��ui
loc

� �
F

values greater than 0.99. This means that the QTAIM

results in Table 4 may be explained in terms of only

two (a and b) valence electrons, both placed in the udel

MO. The overlap integral hudel|udeliF takes a value

of 0.8818, which (using the same arguments as in the

LiH case) leads to p(8, 2) = 0.0141, p(9, 1) = 0.2091, and

p(10,0) = 0.7768, in fairly good agreement with the all-

electron results of Table 4. The core approximation has

also been used with the fuzzy and orbital-based partitions,

and the resulting EDF also agree relatively well with the

all-electron results. However, the higher electron delocal-

ization found in these methods prevents the isopycnic

localization to be as effective as in the QTAIM partition:

Only two (Becke, Mulliken, MinDef) or one (Hirshfeld,

Löwdin) isopycnic MO have ui
loc

��ui
loc

� �
F

values greater

than 0.99 and can be considered as F core orbitals.

The computed EDF for H2O using three-domain parti-

tions are collected in Table 5. The ionic structure

Hþ1 Hþ2 O2�, corresponding to a full transfer of the H1 and

H2 electrons to the O atom, is the most probable one in the

QTAIM partition, followed by H0
1Hþ2 O� � Hþ1 H0

2O�, and

H0
1H0

2O0. In the other partitions, the structure H0
1H0

2O0

(Hirshfeld, Mulliken, Löwdin, MinDef) or H0
1Hþ2 O� �

Hþ1 H0
2O� (Becke) dominates over the neutral atoms one.

A feature of fuzzy-atom and orbital-based partitions, also

found in other molecules, is that the number of resonance

structures having a significant probability is greater than in

the QTAIM method. In the present case, this fact is clearly

illustrated in Fig. 3, where we have plotted the HF values

of the 10 most probable structures (not necessarily the

same in all the methods). The EDF is considerably narrower

when the QTAIM partition is used. When correlation effects

are included, the QTAIM EDF widens slightly, making more

probable the H0
1H0

2O0 and H0
1Hþ2 O� � Hþ1 H0

2O� structures,

and less the Hþ1 Hþ2 O2� one. The same happens in the other

methods, so that the total charge of the O atom becomes less

negative (except in Löwdin method) when electron corre-

lation is included in the calculation.

Table 5 HF (first entry) and CAS[10,9] (second entry) EDF results for the H2O molecule according to different space partitions

nO nH1
nH2

QTAIM Becke Hirshfeld Mulliken Löwdin MinDef

8 1 1 0.0970 0.1784 0.1797 0.2130 0.2122 0.2310

0.1320 0.2113 0.2011 0.3168 0.2436 0.3407

9 1 0 0.2033 0.1937 0.1638 0.1829 0.1482 0.1730

0.2249 0.2048 0.1661 0.1930 0.1504 0.1820

7 1 2 0.0125 0.0476 0.0680 0.0643 0.0895 0.0769

0.0131 0.0430 0.0694 0.0518 0.0895 0.0614

8 0 2 0.0273 0.0546 0.0687 0.0560 0.0659 0.0579

0.0276 0.0504 0.0682 0.0455 0.0628 0.0456

10 0 0 0.4134 0.2020 0.1385 0.1554 0.1000 0.1291

0.3339 0.1734 0.1197 0.0955 0.0847 0.0758

q(O) -1.2029 -0.6482 -0.3232 -0.4996 -0.1646 -0.4022

-1.0873 -0.6384 -0.3064 -0.4608 -0.1677 -0.3807

dO;H1 0.6479 0.9634 1.2079 0.9625 1.1637 0.9502

0.6367 0.8407 1.1064 0.6832 1.0400 0.6703

0.0

0.1

0.2

0.3

0.4

 0  1  2  3  4  5  6  7  8  9

p(
n O

,n
H

1,n
H

2)

Structure

QTAIM
Becke

Hirshfeld
Mulliken
Löwdin
MinDef

Fig. 3 pðnO; nH1
; nH2
Þ values for the 10 most probable structures of

H2O molecule according to different space partitions
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Concerning the delocalization index dO;H1 , we observe

in Table 5 that, as a consequence of the too wide Hirshfeld

and Löwdin EDF, these two methods predict an unrealistic

(greater than 1.0) value for this chemical bonding indicator.

Becke, Mulliken, and MinDef partitions give a very similar

dO;H1 (around 0.95–0.96). Although smaller than 1.0, this

value is also probably too high for this (traditionally con-

sidered) polar O–H bond. In the HF QTAIM partition,

dO;H1 ’ 0:65, this value decreasing a little in the correlated

calculation due to the higher probability of the neutral

atoms structure, i.e. to the weakening of electron delocal-

ization of the H1 and H2 electrons onto the O atom. This

effect is even stronger in the other partitions.

5.4 NaCl molecule

Our HF EDF results for NaCl, a classical ionic molecule

where a large fraction of the valence 3s Na electron is

transferred to the Cl atom, are plotted in Fig. 4. The ionic

structure, Na?Cl-, dominates over the neutral atoms one,

Na0Cl0, in all the cases. However, as in all previous

examples, there are clear differences between the different

methods. Löwdin’s partition predicts the least ionic NaCl

molecules followed by Hirshfeld, Mulliken, Becke, Min-

Def, and QTAIM methods. Contrary to chemical intuition,

some diffuse and/or orbital-based methods (particularly

Löwdin’s) predict a non- negligible probability for the

Na-Cl? structure. The EDF is normalized, so that the large

the probabilities of the Na-Cl?, Na2?Cl2-, and (above all)

Na0Cl0 structures are, the smaller the probability of the

classical ionic structure Na?Cl- is. As a result, the Löwdin

and Hirshfeld (and to a lesser extent Mulliken and Becke)

methods give wider EDF than the QTAIM partition. The

standard Hirshfeld’s method, where the atomic densities of

the neutral atoms Na and Cl are used to obtain the pro-

molecular density, q0ðrÞ, gives a too high p(Na0,Cl0) value,

predicting a NaCl molecule much less ionic than expected.

However, a Hirshfeld’s EDF with the promolecular density

given by q0ðrÞ ¼ qNaþðrÞ þ qF�ðrÞ is almost indistin-

guishable from that of the QTAIM partition. This fact

evidences the well-known tendency of Hirshfeld’s partition

to give atoms in molecules atomic charges (qA) fairly close

to the q0
A’s, the atomic charges associated with the in vacuo

atomic densities used to compute q0ðrÞ. In this sense, it is

worth mentioning that an iterative Hirshfeld population

analysis method has recently been proposed in which qA ¼
q0

A in convergence. The results obtained for a large set of

molecules using this iterative Hirshfeld scheme are gen-

erally very close to the ones derived from the QTAIM.

6 Summary and conclusions

In this paper, the algebraic method previously derived to

compute the electron number distribution functions for

exhaustive partitions of the physical space into sharp-

boundary atoms has been extended to allow for a space

partition in terms of fuzzy atoms, as well as orbital-based

partitions. The QTAIM, Becke, Hirshfeld, Mulliken,

Löwdin, and MinDef methods, all of them described in the

text, have been explicitly considered. They differ in the

way the atomic overlap matrix elements, the main quanti-

ties from which the EDF depend, are computed from the

molecular wave function. Once this matrix is available, all

of them are included into a unified approach that only

needs taking care of the non-symmetric character of this

matrix in the particular case of Mulliken’s partition.

The developed scheme has been applied to compare the

EDF found using the above six partition methods for a

series of covalent and ionic systems. The EDF for

H2, N2, AHn hydrides (A=Li,Be,B,C,N,O,F), and NaCl

molecules have computed at the HF and (except in NaCl)

CAS levels. Overall, our results show that EDF are sig-

nificantly wider in fuzzy- and orbital-based methods than

in the QTAIM partition. As a result, the atom–atom delo-

calization indices dA,B are usually higher in the former. In

systems with an important degree of inter-atomic electron

charge transfer, such as LiH, FH, and NaCl, fuzzy- and

orbital-based methods have a tendency to decrease this

transfer when compared to the exhaustive partition pro-

vided by the QTAIM method. The Hirshfeld’s method that

uses in vacuo ionic (instead of neutral atoms) densities is

0.0

0.2

0.4

0.6

0.8

8 9 10 11 12 13 14

p(
n N

a,
n C

l)

nNa

QTAIM
Becke

Hirshfeld (00)

Hirshfeld (+-)
Mulliken

Löwdin

MinDef

Fig. 4 HF EDF for the NaCl molecule according to different space

partitions. (00) and (?-) in Hirshfeld partition mean that the reference

atomic densities of (Na,Cl) neutral atoms and (Na?, Cl-) ions are

used, respectively
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an exception to the above rule, providing EDF in good

agreement with QTAIM EDF. In general, electron corre-

lation has a limited effect over QTAIM EDF, but EDF from

fuzzy- and orbital-based partitions are considerably more

affected.
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